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where ∞  denotes the entire three dimensional space. A long time has elapsed since then, but the problem is still under examination in the literature 1 with arguments alternatively in favour of one or the other proposal. The reason for this variety of conclusions is due to the fact that this is a question that finally can only be settled empirically, but experiments are difficult and often do not match the material's idealizations needed to derive the theoretical results.
In Ref. [8] I gave a modest contribution to this debate considering a uniform dielectric  , not necessarily of infinite extension and I explored the consequences of the assumption, which looks quite natural, that the forces acting on the polarization charges and currents are to be computed along the same lines as those acting on the "free" ones 2 . Using an expansion in powers of the susceptibility α [10] , I showed that this hypothesis favours the Abraham form of the momentum, Equation (2) . In particular I examined the so called "Einstein box" argument [11] and the case of oblique incidence on a flat dielectric surface and I was able to show, in particular, that the Snell's law results from the form postulated for the forces, together with the Abraham expression of the e.m. momentum inside the dielectric.
It is the purpose of the present paper to use and extend the methodology presented in [8] in order to compare the different expressions of the forces accompanying the various proposals of the e.m. momentum.
In Section 2 we make some general considerations about the interaction of an e.m. wave with a material body. In Sections 3, 4 and 5 we discuss the case of a dielectric material, both in the Abraham and the Minkowski setup.
Finally, in Section 6, we extend the analysis to the case of magnetic non conducting materials.
The Equilibrium of Matter in an e.m. Field
We consider an extended, in general deformable, body,  , surrounded by the vacuum, in the presence of an e.m. wave.  is subject to e.m. volume forces with a density 
If we choose the external forces so that every part of  is at rest, the body equilibrium conditions
must be satisfied. In Equations (5) and (6) τ denotes the symmetric matter stress tensor and n  is the external normal to the body surface. Integrating Equation (5) over the body volume gives
while, integrating Equation (6) over the body surface, gives 
Given an expression for
, Equation (10) allows us to compute the resultant of the forces to be applied to  , in order that the material body stays motionless.
is a very natural physical quantity, ideally measured by a static dynamometer, but, for conventional reasons, we will find it convenient to consider
, instead. It is important to notice that, following the procedure just described, we do not need to restrict in any way the entity of the body stresses, provided we use, in the formulas we get, the dielectric and magnetic polarizabilities pertaining to the stressed body in equilibrium. In the following, in order not to make the presentation too heavy, we will consider the simplified situation in which the stressed deformed body is uniform with respect to its elecric and magnetic properties. The most general, non uniform case, can be easily treated along the same lines.
In the following sections we will examine the consequences of assuming for (1) and (2), both in the case of dielectric and magnetic, non conductive materials.
Although it would be possible to schematize the transition of dielectric or magnetic polarizabilities from the material body to the vacuum in a continuous way, we will find it convenient to consider the electric and magnetic properties of the material body as homogeneous, with a discontinuity at the body surface.
Dielectric Materials
A uniform linear 3 dielectric  , not necessarily of infinite extension, is a material in which a polarization field is present
which defines the (constant) electric susceptibility α . Given P , in general we find in   polarization charges, with a bulk volume density
for simplicity we consider the case in which the uniform dielectric does not contain free charges 4 . In this case we have 
where the electric field ( )
, t E r  is found reaching the surface Σ from the dielectric interior and n  is the outward normal to the dielectric surface;  a polarization current
The presence of surface charges implies a discontinuity of the normal component of the electric field around Σ , given by
Each of the candidate expressions for the momentum
of an e.m. wave, considered in Section 1, implies a particular form for the corresponding resultant force 
F
exerted by the e.m. wave on the dielectric material, kept at rest, while it crosses it. This correspondence is given by Equation (10). In particular, from Equations (1) and (2) 
3 For a discussion of the effects of nonlinearities see [12] . 4 The general case can be treated along the same lines without any trouble. , while kept at rest. In the next subsections I will discuss the forces associated with the Abraham or the Minkowski choice.
Forces Associated with the Abraham Momentum
In Ref. [8] it has been shown that the Abraham form of the momentum implies, for the force exerted by an e.m. wave interacting with an insulator, the exact expression
In Equations (17) and (18) E  and E  are the electric fields reached on the dielectric surface Σ as a limit from the vacuum or the dielectric side respectively and have different values as a consequence of the discontinuities existing [13] at the dielectric boundaries, Equation (15) . Equation (17) shows that, in the Abraham case, the force exerted on an ideal dielectric by an e.m. wave is the resultant of those acting on polarization, volume plus surface, charges. In particular the correct treatment needed in the presence of discontinuity surfaces [14] is reproduced.
Forces Associated with the Minkowski Momentum
If we apply the same strategy to determine the force acting on a dielectric, under the hypothesis that the momentum has the Minkowski form, we get, from Equation (16), 
The last term in Equation (19) can be transformed as (
in the absence of free charges inside the uniform insulator. Putting together Equations (17), (19) and (20) and taking into account the discontinuity of the electric field at the dielectric surface, Equation (15), we get, for the force exerted in the Minkowski case,
Equation (21) shows that the Minkowski force is the resultant of forces which are locally orthogonal to the insulator surface.
The α-Expansion of the Forces
In the presence of polarizability analytical computations are, in general, not possible. We will therefore resort to a systematic small α-expansion scheme described in [8] [10].
Taking into account that p σ and the discontinuity of the electric field are already of order α, we easily check that, up to order α, the Abraham force, Equation (18), reduces to [8] ( ) ( ) 5 In this section I do not consider magnetic materials, so that I will not distinguish between B and H. I will discuss the extension of these considerations to the magnetic case in Section 6. From Equations (23) and (16) 
We are now ready to discuss the Snell's law within the Minkowski scheme.
The Snell's Law with the Minkowski Momentum
It has been shown in [8] that, up to order α, the Snell's law is a consequence of Equation (23), which, at the same time, follows from the Abraham form of the e.m. momentum. In a recent paper [15] the derivation given in [8] has been challenged and the, apparently contrasting, result was obtained that Snell's law is rather a consequence of the Minkowski form of the momentum, Equation (1) . The analysis and resolution of this discrepancy is, in my opinion, rather instructive and shows that the validity of the Snell's law does not discriminate between the Abraham or Minkowski proposals.
In this section I follow the strategy of Ref. [8] , valid through order α, using the Minkowski form of the force, Equation (24), which, by the way, exhibits the local orthogonality of the force with respect to the boundary, necessary for the validity of the argument presented in [15] .
I consider the setup, relevant for the discussion of the Snell's law, in which an e.m. wave packet with an initial momentum 
where Equation (24) has been used. In Equation (25) = − z n  denotes the unit vector along the positive z-axis. By momentum conservation and the absence of reflection 6 , we are led to attribute to the e.m. wave, once inside the insulator, a momentum γ ′ p such that 
where we used, according to the α-expansion,
Consistently, Equation (27) reproduces the Minkowski expression for the momentum from which we started. Moreover Equation (26), together with Equation (28), also gives ( ) 
where î ′ is the refraction angle. Equation (29) reproduces the Snell's law, up to order α, starting from the conservation of the Minkowski momentum. 6 I remind the reader that the computation is performed up to order α.
We have ( )
